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Abstract

The increasing scale of modern datasets has created a significant computational bottleneck
for traditional scientific and statistical algorithms. To address this problem, the current
paper describes and validates a high-performance method based on adaptive spline in-
terpolation that can dramatically accelerate the calculation of foundational scientific and
statistical functions. This is accomplished by constructing parsimonious spline models
that approximate their target functions within a predefined, highly precise maximum
error tolerance. The efficacy of the adaptive spline-based solutions was evaluated through
benchmarking experiments that compared spline models against the widely used algo-
rithms in the Python SciPy library for the normal, Student’s t, and chi-squared cumulative
distribution functions. Across 30 trials of 10 million computations each, the adaptive spline
models consistently achieved a maximum absolute error of no more than 1 x 1078 while
simultaneously ranging between 7.5 and 87.4 times faster than their corresponding SciPy
algorithms. All of these improvements in speed were observed to be statistically significant
at p < 0.001. The findings establish that adaptive spline interpolation can be both highly
accurate and much faster than traditional scientific and statistical algorithms, thereby offer-
ing a practical pathway to accelerate both the analysis of large datasets and the progress of
scientific inquiry.

Keywords: scientific computing; computational statistics; big data; spline interpolation

1. Introduction

In the modern scientific and technological landscape, the ability to perform com-
plex calculations with exceptional speed has evolved from a matter of convenience
to a matter of critical necessity. The confluence of several key factors, including the
exponential growth of datasets, the increasing complexity of analytical models, and the
demand for rapid, data-driven decision-making, has placed unprecedented pressure
on traditional computational methods [1,2]. While this challenge can potentially be
addressed through the acquisition of more expensive hardware, faster scientific and
statistical calculations can also be realized through the design and use of more efficient
algorithms [3,4]. Adopting a hardware-centric approach, while effective, is often not
feasible for many researchers and organizations due to prohibitively high costs [5]. By
contrast, innovative algorithms that perform scientific and statistical calculations more
quickly than traditional algorithms can be universally adopted, thus yielding improved
computational speed for all researchers, regardless of their hardware budgets [6].

The rise in “big data” has perhaps been the most significant driver of the growing
gap between the computational needs of modern scientific research and the performance
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limitations of common hardware and software tools. Fields ranging from genomics and
particle physics to finance and climate science are now routinely generating and working
with datasets that contain terabytes or even petabytes of information [7-10]. Analyzing
these massive volumes of data, whether for pattern recognition, hypothesis testing,
or predictive modeling, requires a scale of computation that can quickly overwhelm
standard statistical packages and programming libraries [11]. Moreover, the computa-
tional costs associated with processing such data can be enormous, particularly when
employing computationally intensive techniques like bootstrapping, high-dimensional
regression, or deep neural networks [11,12]. Hours or even days spent waiting for
calculations to be completed can also bring research to a standstill, hindering the pace of
discovery and innovation. This issue is further compounded by the iterative nature of
scientific inquiry, in which a single question often requires hundreds or thousands of re-
peated calculations before a researcher can arrive at a statistically defensible conclusion.
Rigorous model validation, for example, might require k-fold cross-validation, where
the entire model fitting or training process must be repeated multiple times, which can
easily multiply the computational burden by an order of magnitude or more [13,14].
The challenges associated with analyzing big data have, therefore, created a pressing
need for both faster hardware and faster analytical algorithms.

Beyond the purely scientific realm, the need for rapid computation is also being
driven by a fiercely competitive business environment. In industries such as finance,
a delay of even a few milliseconds in analyzing market data can result in significant
financial losses [15]. Indeed, the pressure to arrive at conclusions quickly and with a
high degree of statistical confidence is critical for gaining and maintaining competitive
advantage and making timely, impactful decisions [16,17]. Achieving this goal requires
not only efficient algorithms but also a computational framework that can execute these
algorithms with minimal latency, thereby transforming data into actionable insights as
quickly as possible. Put differently, the ability to make near-real-time decisions based
on statistical evidence is now a key differentiator in business, making computational
speed a highly valuable strategic asset.

Broader considerations notwithstanding, the calculations for foundational statisti-
cal tests have also become computationally expensive in the era of big data. Arriving
at statistically defensible conclusions for tests associated with the normal, Student’s
t, and chi-squared distributions, for example, typically requires numerous iterative
calculations on massive datasets [11,18-20]. These challenges, of course, are not linked
solely to the number of data points but are also driven by the high dimensionality
of modern datasets. In a genome-wide association study, for example, thousands of
t-tests or chi-squared tests may need to be performed on millions of genetic variants,
with each test requiring significant computational resources [21]. While these methods
have demonstrated remarkable success, their application in research and industry
is often constrained by the computational time and resources that are required for
robust estimation and validation. A methodology that can significantly reduce the time
needed for these foundational calculations would, therefore, open up new possibilities
for research, enabling scientists to explore more intricate models and perform more
thorough analyses than might otherwise be feasible.

In light of the issues described above, the current paper seeks to motivate a strate-
gic shift in scientific and statistical computing away from traditional algorithms toward
those that prioritize speed and efficiency without sacrificing accuracy or statistical
rigor. To do so, this paper demonstrates how a technique known as spline interpolation
can be modified and adapted to perform statistical calculations much more quickly
than standard algorithms to any arbitrarily chosen degree of precision. The viability of
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the proposed method is demonstrated through a large and rigorous set of benchmark-
ing experiments that compare the accuracy and execution time of the adaptive spline
interpolation method against widely used traditional algorithms when computing the
cumulative distribution functions (CDFs) for the normal, Student’s t, and chi-squared
distributions. The results indicate that the adaptive spline interpolation method is not
only much faster than traditional algorithms when performing these calculations, but
also that the proposed method yields results that are highly accurate. The proposed
method, therefore, represents a step forward in scientific and statistical computing by
offering researchers a pathway to faster and more accessible analyses of large datasets,
which, in turn, can accelerate the pace of scientific discovery and empower a new
generation of data-driven decision-making.

The structure of this paper is organized as follows: Section 2 presents the founda-
tional ideas and related work upon which this study is built. Section 3 describes the
methods that were used to adapt the spline interpolation technique to the context of
high-speed statistical computing, and the experiments that were conducted in order
to compare the adaptive spline interpolation method against traditional statistical
algorithms. The results of the experiments are presented and discussed in Section 4,
followed by a summary of the study’s findings, its limitations, and opportunities for
future research in Section 5.

2. Foundations and Related Work
2.1. Function Approximation Using Polynomial Interpolation

As noted in the previous section, direct evaluation of statistical functions is often
very computationally expensive. This is particularly true when those calculations
require numerical integration, which is common when working with the continuous
probability distributions that underlie many statistical tests [19,20,22]. Rather than
evaluating such functions directly, an obvious alternative is to rely on an approxi-
mation that is less computationally expensive to evaluate than the original function.
One common approach to approximating continuous functions is through the use
of polynomial interpolation [23]. While the general idea of interpolation is ancient,
the first systematic, algorithmic approach oriented specifically toward polynomial
interpolation was developed by Sir Isaac Newton, first described in around 1676, and
was later published in his acolyte James Stirling’s Methodus Differentialis in 1730 [24].
Polynomial interpolation seeks to approximate a continuous function by constructing a
unique polynomial of degree n that passes through a sample of n + 1 of the underlying
function’s data points. This method yields an explicit, computationally efficient proxy
model that allows the original function’s value to be estimated at any point within the
range of the sample data from which the model was constructed.

While effective for low-degree polynomials, polynomial interpolation often ex-
hibits significant instability as the degree of the polynomial increases. This issue is
exemplified by Runge’s phenomenon, which describes the problem of escalating oscil-
lations at the edges of an interval when a high-degree polynomial is used to interpolate
a function over a set of data points [25]. As the degree of the interpolating polynomial
increases, the resulting curve can diverge significantly from the true function, thereby
yielding an unreliable approximation. This phenomenon is illustrated in Figure 1 below
using a polynomial interpolation of the standard normal distribution’s CDF.
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Figure 1. Runge’s phenomenon occurs when using a polynomial interpolation of the standard normal
distribution’s cumulative distribution function.

2.2. Function Approximation Using Spline Interpolation

Evaluating a polynomial interpolation of a function such as the standard normal CDF
is much more computationally efficient than evaluating the original function itself, but as
Figure 1 clearly illustrates, the polynomial function would yield highly inaccurate results,
particularly in the tails of the distribution. By contrast, spline interpolation offers a robust
and widely adopted alternative that avoids the limitations of high-degree polynomial
interpolation. Although spline interpolation has its origins in 19th-century shipbuilding,
the technique was mathematically developed and formalized by Isaac Schoenberg during
the middle of the 20th century [26,27]. Building on Schoenberg’s foundational work, the
subsequent development of B-splines and computationally efficient recursive algorithms
transformed spline interpolation from a mathematical construct into a practical and highly
useful tool [28,29]. Today, spline interpolation plays a central role in a wide array of appli-
cations, including capturing non-linear relationships in machine learning algorithms such
as Generalized Additive Models [30], and defining the smooth, complex geometries that
are essential in modern computer-aided design and computer graphics [31]. Spline interpo-
lation has also been shown to be highly useful for accelerating numerical integration [32],
the calculation of complex functions in optical image processing [33], and the calculation of
complex functions in computational electromagnetics and electrical engineering [34].

In its essence, a spline is simply a function that is constructed from a piecewise series
of polynomials that have been joined together at points known as knots. Put differently,
rather than fitting one high-degree polynomial across an entire dataset, spline interpolation
uses multiple low-degree (typically cubic) polynomials to fit smaller subintervals of the
original function’s data points [35]. This piecewise approach is not only computationally
efficient, but it can also effectively eliminate the oscillatory behavior that characterizes
Runge’s phenomenon, as illustrated in Figure 2 below.

The efficacy of spline interpolation is visually evident in the case of cubic splines
(i.e., piecewise, third-degree polynomials), which support specific continuity conditions at
the interior knots. For a cubic spline, each cubic function is continuous, with its first and
second derivatives also being continuous across the knots. These properties ensure that the
piecewise segments can be joined seamlessly at the knots without abrupt changes in value,
slope, or curvature. The result, as illustrated in Figure 2, is an approximation that is visually
smooth and more accurate than an analogous high-degree polynomial interpolation of the
original function.
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Figure 2. Spline interpolation of the standard normal distribution’s CDF.

Despite these advantages and the appearance of accuracy, the question remains as to
how precisely a spline interpolation model can reproduce the function it is approximating.
Although the example illustrated in Figure 2 appears to be highly accurate, in reality, that
particular spline interpolation model has a mean absolute error (MAE) of approximately
0.0016, with a maximum absolute error of approximately 0.0049. Considering that the spline
interpolation model is approximating the standard normal CDF—and that the values being
estimated are hence p-values—it quickly becomes evident that this specific model would
be woefully inadequate if it were to be adopted as a computationally efficient substitute for
the CDF itself.

An obvious strategy for improving the accuracy of a spline interpolation model is
simply to increase the number of knots from which the spline is composed. Increasing the
number of equidistantly spaced knots from 10 to 100 for the spline illustrated in Figure 2,
for example, yields a model with a maximum absolute error of 3.14 x 10~ and an MAE of
3.83 x 1078, each of which is several orders of magnitude more accurate than the original
model. The problem with increasing the number of polynomials in the spline model, of
course, is that each additional polynomial increases the model’s complexity, thereby making
the model less computationally efficient. Moreover, each polynomial in the spline will ex-
hibit its own unique error profile, with some polynomials reproducing their corresponding
intervals from the original function more accurately than other polynomials in the spline.
Unless these variable error profiles are considered, the resulting spline interpolation model
may be unnecessarily complex, thereby slowing the model’s computational performance
at runtime. What is needed, then, is a method that can construct the most parsimonious
and computationally efficient spline interpolation model possible for any arbitrarily chosen
degree of accuracy.
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2.3. Adaptive Spline Interpolation

Constructing an optimal spline to approximate a continuous function subject to a given
maximum error tolerance can be achieved through an adaptive, iterative algorithm [31].
This process is designed to minimize the number of knots, thereby ensuring that the
resulting spline interpolation model is as parsimonious and computationally efficient as
possible. Formally, the primary objective is to use the fewest possible knots to construct
a spline S(x) that approximates a given continuous function f(x) over a specified closed
interval [a, b], such that the spline’s maximum absolute error does not exceed a predefined
tolerance emax. This requirement can be mathematically expressed as follows:

max |f(x) — S(x)| < &max- 1)

a<x<b

An algorithm for constructing such a spline is outlined in the following section.

3. Materials and Methods

Having related the history and foundations of spline interpolation in the previous
section, this section describes the algorithms and methods that were used in the current
study to construct adaptive spline interpolation models that can serve as the basis for
high-speed scientific computing. This section also describes the series of benchmarking
experiments that were undertaken to assess both the computational speed and the accuracy
of the resulting adaptive spline interpolation models in comparison to the highly accurate
and widely used algorithms that are included in the Python SciPy library.

3.1. Adaptive Spline Interpolation Algorithm

The algorithm outlined below describes the series of steps that were followed to
construct the adaptive spline interpolation models that were used in the current study.
While the algorithm itself is context independent, explanatory comments are also provided
that are relevant to the topic of the current paper. Importantly, this algorithm assumes
that the spline 5(x) is constructed from cubic polynomials, which ensures continuity of
the polynomials’ first and second derivatives [35]. It is important to note that lower-
degree (i.e., linear or quadratic) polynomials could also have been used. However, cubic
splines were adopted in the current study because, despite causing a minimal increase in
computational complexity for each individual polynomial segment, cubic splines’ superior
approximation properties minimized the total number of knots that were required to satisfy
the paper’s stringent error tolerance, thereby yielding models that were more parsimonious
and computationally efficient overall when compared to models constructed from lower-
degree polynomials.

1.  Specify the maximum error tolerance €max.
Comments: The maximum error tolerance, emax, is the maximum acceptable absolute
error between the spline S(x) and the function f(x) for any value of x in the interval
[a, b]. Since the current study considers the approximation of statistical cumulative
distribution functions (which generate p-values), emax Was set to a very small value of
1 x 1078 (or 0.00000001) when constructing the spline interpolation models that were
used in the experiments described later in this section.

2. Identify the endpoints of the spline’s interval (2 and b).
Comments: For statistical cumulative distribution functions, a can be easily identified
by using the distribution’s inverse CDF, F~1(x), such that

a=F Yema). )
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Using this approach, any valid values of x that are less than a can be evaluated as S(a)
without the result exceeding the maximum error tolerance emax. If the CDF does not exhibit
point symmetry about the mean (e.g., the chi-squared distribution), then b can also be easily
identified by using the distribution’s inverse CDF, such that

b=F 11— ema). 3)

When b is defined in this way for CDFs that do not exhibit point symmetry about the
mean, any valid values of x that are greater than b can be evaluated as S(b) without the
result exceeding the maximum error tolerance emayx. If, however, the CDF exhibits point
symmetry about the mean y (e.g., the CDFs for the normal or Student’s t distributions),
such that

F(u+x) =1—-F(u—x), 4)

Then b can be identified as follows:
b=F105). (5)

When b is defined in this way for CDFs with point symmetry about the mean, any
valid values of x that are greater than b can be evaluated as follows without the result
exceeding the maximum error tolerance emax:

1—S2u —x). (6)

Together, these guidelines ensure that the width of the closed interval [a, b] for the
spline will be as narrow as possible, thus minimizing the number of required knots and
maximizing computational efficiency.

3. Generate the training data.
Comments: Fitting a spline model within a specified error tolerance naturally requires
a set of points to use as the basis for evaluating the model’s accuracy. The x-coordinates
for these data points should span the closed interval [g, b], with their corresponding
y-coordinates being directly computed using the original function that the spline
model is being trained to approximate. Since the maximum error tolerance emayx in
the current study was very small, a large dataset containing one million points was
used as the basis for constructing each of the spline models that are described in the
experiments later in this section.

4. Define and fit the initial spline model.
Comments: To be parsimonious, a spline model must approximate its original func-
tion within the maximum error tolerance emax using the fewest possible knots. The
simplest possible spline, of course, is one that consists of a single polynomial, and this
simplest model is a rational point of embarkation for the iterative spline construction
process. The initial spline model should thus consist of a single cubic polynomial.
Fitting a cubic polynomial requires a minimum of four points, so in addition to the
two interval endpoints a and b (i.e., the boundary knots), the initial spline models
used in the current study’s experiments included two additional interior knots that
were equidistantly spaced between a and b. These initial models were then fitted
using their corresponding training datasets.

5. Iteratively add knots to the spline model until the maximum observed error falls
below €max.
Comments: After defining the initial spline, the model is iteratively expanded by
adding new interior knots until the maximum absolute error between the spline
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S(x) and the function f(x) falls below the maximum error threshold emax for all values
of x in the interval [a, b]. This is accomplished by iteratively performing the following
sequence of steps:

(a) Evaluate the error function for S(x) using the training data.

(b)  Identify the maximum absolute error and the point within the training dataset
at which that maximum error value was observed.

(o) If the maximum observed error is less than emax, then no additional knots are
necessary. Otherwise,

i Add a new knot to the model at the point at which the maximum error
value was observed.

ii. Fit the revised spline model using the training data.

iii. Go to step 5.a.

This approach to constructing the spline model targets the region of poorest fit, thereby
ensuring a maximally efficient reduction in error for each additional knot that is added
to the model [36]. This approach has also been shown to yield a final model that is
vastly more efficient than could otherwise be obtained by using a uniformly spaced
vector of knots [37].
6.  Prune unnecessary knots from the spline model.

Comments: After a spline model that satisfies Equation (1) has been identified, unnec-
essary interior knots must be pruned in order to ensure that the spline model is as
parsimonious as possible. This is accomplished by performing the following sequence
of steps for each interior knot in the model:

(a) Remove the current knot from the spline model.

(b)  Fit the revised spline model using the training data.

(c) If the revised model no longer satisfies Equation (1), then restore the current knot.
(d) Proceed to the next interior knot.

After pruning all of the unnecessary interior knots, the resulting spline interpola-
tion model will contain the fewest possible polynomials, thus ensuring that it will be as
computationally efficient as possible at runtime.

3.2. Additional Considerations

The experiments described in the following subsection consider the computational
performance of adaptive spline interpolation models in comparison to traditional algo-
rithms for calculating the CDFs of the normal, Student’s t, and chi-squared distributions,
all of which are extremely common in scientific and statistical computing. Given that any
normal distribution can be easily converted into the standard normal distribution, it was
only necessary to fit a single spline model for the standard normal distribution in order to
approximate the CDF of any conceivable normal distribution. While the methods described
previously for constructing parsimonious spline models can be directly applied to the CDF
for the standard normal distribution, the CDFs for the Student’s t and chi-squared distri-
butions also involve a parameter for degrees of freedom (df), the values of which change
the shapes of the CDFs. A few illustrative examples of this phenomenon are provided in
Figures 3 and 4 below.
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Figure 4. The chi-squared distribution CDF at different degrees of freedom.

To address the issue of the degrees of freedom affecting the shape of the Student’s t
and chi-squared distribution CDFs, the current study adopted the expedient of treating
the function for each df value as a unique, independent curve. Put differently, instead of
creating one complex, two-variable model, a collection of simple, highly accurate spline
models was constructed, with one spline being fitted for each essential df value. Each
spline was then stored in a dictionary that would enable any individual spline model to
be quickly retrieved based on its corresponding degrees of freedom. After constructing
the dictionary, any specific value of the CDF could thus be obtained by first retrieving the
relevant spline model based on its degrees of freedom and then evaluating the spline at
the desired value. This method is efficient because the computationally expensive work
of fitting the splines only needs to be performed once, with the runtime application being
reduced to a quick lookup and a simple polynomial evaluation.

There are, of course, some nuances of this approach that merit further elaboration.
First, an upper limit on the degrees of freedom needs to be identified because it would
not be computationally feasible to compute and store a separate spline model for each
of the infinite possible df values. Happily, this issue can be readily resolved by noting
that the CDF of Student’s t distribution and the CDF of the standardized chi-squared
distribution both converge on the standard normal distribution’s CDF as the degrees of



Big Data Cogn. Comput. 2025, 9, 308

10 of 17

freedom approach infinity [38,39]. The equivalence between the standard normal CDF and
the standardized chi-squared distribution CDF at high degrees of freedom also motivated
the use of the standardized chi-squared CDF when training spline models in the current
study, rather than fitting models for the ordinary chi-squared CDE. With this in mind,
the upper limits for the degrees of freedom (dfmax) were determined by using a binary
search to identify the df values above which the Student’s t distribution CDF and the
standardized chi-squared distribution CDF became indistinguishable from the standard
normal distribution CDF within the maximum error tolerance emax [40]. Mathematically,
this is reduced to finding the smallest df value that satisfies the following expression, where
F represents the Student’s t distribution or standardized chi-squared distribution CDF, and
@ represents the standard normal distribution CDEF:

Jmax [Faf (x) = D(x)| < Emax. (7)

After performing these calculations, the degrees of freedom for Student’s t distribu-
tion beyond which the CDF was indistinguishable from the standard normal CDF within
emax Was observed to be 15,822,999, with this value being adopted as df max for the Stu-
dent’s t solution. For the standardized chi-squared distribution, however, the degrees of
freedom beyond which the CDF was observed to be indistinguishable from the standard
normal CDF within emax was approximately 3.853 x 10'4, due primarily to the persistent
skewness of the distribution at high degrees of freedom. Since a spline-based solution that
included a theoretical maximum of more than 385 trillion unique spline models would
not be computationally efficient, the Wilson-Hilferty transformation was used to reduce
the skewness of the distribution, thus allowing for a much more accurate normal approx-
imation at lower degrees of freedom than would otherwise be possible with the direct
standardization method [41]. With the addition of this transformation, the degrees of
freedom for the standardized chi-squared distribution beyond which the CDF was indis-
tinguishable from the standard normal CDF within emax was observed to be a much more
tractable 1,018,679, which was subsequently adopted as df max for the chi-squared solution.
CDF calculations for the Student’s t and chi-squared distributions for degrees of freedom
exceeding their respective values of dfmax could thus be safely obtained by relying on
the spline-based solution for the standard normal CDF without exceeding the maximum
error tolerance.

Next, fitting a unique spline model for all successive df values between 1 and df max
was unnecessary because, as the degrees of freedom increase, the difference in the shape
of the underlying CDF curves between one df value and the next becomes progressively
smaller, eventually falling below the maximum error tolerance emax. More specifically,
rather than fitting a spline model for every possible df value between 1 and df max, a sparse
set of models was constructed for the Student’s t and standardized chi-squared distribution
CDFs by following the sequence of steps outlined below:

1. Fit a spline model for df = 1 that is accurate within emax. This model becomes the
initial reference model S .

2. Use a binary search to find the next essential spline model. This will be the model S
whose df value is closest to that of S, for which the maximum absolute error between
Sref and S exceeds emax. Once identified, this model becomes the new reference model
Stef- For any degrees of freedom that fall between the previous reference model and
the new reference model, the previous model can be used to calculate values of the
corresponding CDF because the maximum absolute error between that model and the
hypothetical model for the specified df will always be less than or equal to max.
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3. Repeat Step 2 until all essential spline models between df = 1 and df max have been
identified, trained, and added to the collection.

Using this approach, it was possible to obtain highly accurate CDF values for any
valid degrees of freedom by using a small, sparse set of spline models, thus minimizing
memory requirements and maximizing computational efficiency at runtime.

3.3. Evaluative Experiments

A series of empirical benchmarking experiments was conducted in order to assess the
computational efficiency and accuracy of the proposed adaptive spline interpolation models.
These experiments were designed to compare the performance of the spline interpolation
methods described above against the well-established, high-precision algorithms available
in the Python SciPy library, with these algorithms serving as the baseline against which
both the accuracy and the speed of the spline models were judged. As noted previously,
the experiments assessed the performance of spline interpolation models that were trained
to approximate the cumulative distribution functions (CDFs) for the standard normal,
Student’s t, and chi-squared distributions.

For each of the three CDFs, an experiment was conducted in order to compare the
performance of the SciPy and spline methods across 30 independent trials, thereby account-
ing for any minor fluctuations in system performance from trial to trial and ensuring that
the distribution of the results would be approximately Gaussian, per the Central Limit
Theorem [39]. Each experimental trial involved the computation of 10 million CDF val-
ues using both the baseline SciPy algorithm and its corresponding spline-based solution,
with these calculations being performed in a serial fashion in order to ensure a fair inter-
method comparison. All experiments were conducted in the same Ubuntu Linux-based
computational hardware and software environment, utilizing Python (version 3.12.3), SciPy
(version 1.15.1) for CDF calculations and spline interpolation, and the NumPy library
(version 2.0.2) for numerical operations [42,43]. Importantly, the SciPy libraries that were
used for CDF calculations and spline interpolation and the NumPy library that was used
for numerical operations rely on compiled C and Fortran code, which ensures exceptional
computational speed. To guarantee a comprehensive and unbiased comparison, the input
values for each trial were drawn from a uniform random distribution over a range de-
signed to cover the effective domain of each target distribution, including its central body
and far tails. For the Student’s t and chi-squared CDFs, the degrees of freedom for each
of the 10 million computations were also selected at random from a pre-defined integer
range, thus representing a realistic workload for high-volume statistical applications. The
specific ranges from which the input values and degrees of freedom for each calculation
were randomly drawn are shown in Table 1 below. These ranges conform to the rigorous
standards that have been established in the literature for testing the accuracy of statistical
algorithms [19,20,22,44].

Table 1. Ranges of input values used in the evaluative experiments.

Function Input Range Degrees of Freedom Range
Standard Normal CDF —100 to 100 N/A
Student’s t CDF —10,000 to 10,000 1 to 100,000
Chi-Squared CDF 0 to 1,000,000 1 to 1,000,000

The efficacy of the adaptive spline models was evaluated based on two primary
metrics: (1) computational accuracy and (2) computational speed (i.e., wall-clock time). For
each experimental trial, the accuracy of the spline models was quantified by determining
the minimum, mean, and maximum absolute error between the 10 million CDF values
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generated by the spline-based solutions and those produced by their corresponding SciPy
algorithms. With respect to accuracy, the spline models were considered to be sufficiently
precise if their maximum observed error across all experimental trials did not exceed
the predefined maximum error threshold, emax. As noted previously, emax was set to a
very small value of 1 x 1078 (i.e., 0.00000001) for the current study. Since the adaptive
spline models were trained to approximate cumulative distribution functions (which yield
p-values), this high level of precision ensured that the resulting spline-based solutions
could be usefully applied in almost all practical statistical and scientific scenarios.

For each experimental trial, the computational speed of the spline models and their
corresponding SciPy algorithms was measured by recording the total amount of wall-clock
time (in seconds) that was required for each method to complete the trial’s 10 million
CDF calculations. Each experiment thus yielded two samples of 30 wall-clock time mea-
surements, with one sample recording the SciPy algorithm execution times and the other
sample recording the execution times for the corresponding spline models. To determine
whether the observed differences in wall-clock execution time were statistically significant,
the two samples of timing data for each experiment were compared using an independent,
two-sample Welch's t-test [45]. This statistical test was specifically chosen because it does
not assume equality of variances between the two samples that are being compared. This is
a critical consideration, since the computational complexity of spline interpolation (a direct,
memory-access-bound operation) is fundamentally different from that of the iterative nu-
merical methods used in standard statistical algorithms, thus making an assumption of
equal variance untenable.

4. Results and Discussion
4.1. Model Characteristics

Recalling from the previous section that the spline-based approximations for the
Student’s t and chi-squared distributions required a collection of spline models (one for
each essential df value), Table 2 below provides a summary of the characteristics of the
spline-based solutions for each CDF after the training process was finished.

Table 2. Characteristics of spline-based solutions.

Function Number of Spline Models Knots per Model
Standard Normal CDF 1 90
Student’s t CDF 9,857 124 to 268
Chi-Squared CDF 46,418 12 to 193

As shown in the table, the solution for the standard normal CDF required only one
spline model with 90 knots in order to approximate the original function within the maxi-
mum error tolerance, emax. By contrast, the solutions for the Student’s t and chi-squared
distributions each required several thousand unique spline models in order to approxi-
mate their original functions within emax across the entire domain of valid integer degrees
of freedom, [1, +co]. Despite the seeming complexity of these solutions, it is important
to remember that each individual calculation required only a quick lookup operation to
fetch the appropriate spline model, followed by a simple and computationally efficient
polynomial evaluation.

4.2. Experiment Results—Computational Accuracy

Having reviewed the characteristics of the trained spline interpolation models, the
results obtained from the experiments with specific respect to the accuracy of those models
are presented in Table 3 below, with the data in the table summarizing the observed
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computational accuracy of the trained spline interpolation models in comparison to their
SciPy reference algorithms. As a reminder, the values from the experiments reported below
were derived from 30 trials per experiment, with each trial involving the serial calculation
of 10 million CDF values.

Table 3. Experimentally observed computational accuracy of spline interpolation models.

Observed Absolute Error
Function Trials Minimum Mean Maximum
Standard Normal CDF 30 0.0 9.73 x 10~ 1 1.00 x 108
Student’s t CDF 30 0.0 1.21 x 10~ 9.93 x 10?2
Chi-Squared CDF 30 0.0 3.02 x 1011 9.99 x 1077

As shown in the table, the adaptive spline interpolation models were observed to be
highly accurate in the experiments. Specifically, each of the spline-based solutions exhibited
a minimum absolute error of 0.0 and a maximum absolute error that was less than or equal
to the maximum error threshold across all of the experimental trials. The mean absolute
error (MAE) for the approximation of the standard normal distribution was observed to
be 9.73 x 1071, while the MAEs for the Student’s t and chi-squared distributions were
observed to be 1.21 x 102 and 3.02 x 10—, respectively. All of these values, of course,
fall within the maximum error tolerance (emax) of 1 x 1078 that was established prior to
the model training process, lending face validity to the adaptive spline model construction
process described in the previous section. Collectively, these results establish that the spline-
based solutions were able to reproduce the values generated by their corresponding SciPy
algorithms with a very high degree of accuracy, thereby confirming that spline interpolation
models can be usefully substituted for traditional algorithms in the context of scientific and
statistical computing.

4.3. Experiment Results—Computational Speed

While demonstrating the ability of the adaptive spline interpolation models to ap-
proximate their corresponding CDFs with a high degree of accuracy is certainly necessary,
accuracy alone is insufficient to establish the value of the spline interpolation method for
high-speed scientific and statistical computing. Indeed, achieving this more stringent goal
requires that the spline interpolation method be demonstrated to be both highly accurate
and significantly faster than traditional algorithms. To this end, Table 4 below summarizes
the results of the experiments with respect to the comparative computational speed of the
SciPy algorithms and their corresponding spline-based solutions. Again, the wall-clock
time values reported in the table were derived from 30 trials per experiment, with each trial
involving the serial calculation of 10 million CDF values.

Table 4. Experimentally observed computational speed of spline interpolation models.

Mean Wall-Clock Time (Seconds)

Function Trials SciPy Algorithms Spline Models
Standard Normal CDF 30 243.117 (sd = 3.551) 2.863 (sd = 0.035) ***
Student’s t CDF 30 273.869 (sd = 2.091) 31.364 (sd = 0.231) ***
Chi-Squared CDF 30 270.129 (sd =2.158)  36.041 (sd = 0.689) ***

***p <0.001, sd = standard deviation.

As shown in the table, the spline-based solutions were observed to be much faster than
their corresponding, widely used SciPy algorithms when computing values for the standard
normal, Student’s t, and chi-squared cumulative distribution functions, with Welch’s ¢-tests
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revealing these differences in speed to all be highly statistically significant at p < 0.001.
Specifically, the spline model for the standard normal CDF was observed to be a remarkable
87.4 times faster than its SciPy equivalent. Likewise, the spline-based solution for the
Student’s t CDF was observed to be approximately 8.7 times faster than its corresponding
SciPy algorithm, while the spline-based solution for the chi-squared distribution CDF was
observed to be approximately 7.5 times faster than its SciPy equivalent. When considered
in conjunction with the results reported in Table 3, these findings suggest that the spline-
based approach is both highly accurate and much faster than traditional algorithms when
computing values of the cumulative distribution functions that were considered in this
study’s experiments. In addition to being highly accurate and very fast, the spline-based
approach also has the advantage of relying on a single, simple method to achieve these
superior results, regardless of the CDF being approximated. By contrast, many traditional
algorithms must rely on a combination of methods such as Taylor series, continued fractions,
and asymptotic expansions in order to deliver accurate results over a function’s entire
domain [22]. From the perspective of implementation, this, too, makes the spline-based
approach very attractive.

5. Summary, Limitations, and Concluding Remarks
5.1. Summary and Contributions

This paper described and experimentally validated a high-speed computational
method based on adaptive spline interpolation and showed how the method can be used
to accelerate the calculation of widely used statistical functions. This was accomplished
by constructing parsimonious spline models that were designed to approximate a target
function within a predefined, high-precision maximum error tolerance of 1 x 10~8. The
method employs an iterative algorithm that adaptively places knots in regions of highest
error, after which unnecessary knots are pruned in order to ensure a maximally efficient
model for the specified level of accuracy. For distributions involving a degrees of freedom
parameter (such as the Student’s t and chi-squared distributions), the proposed approach
involves pre-computing and storing a collection of individual spline models only for essen-
tial degrees of freedom values, which allows for a solution that consists of a small, sparse
set of models and enables rapid, dictionary-based retrieval and execution at runtime.

The efficacy of the proposed approach was evaluated through a series of benchmark-
ing experiments that compared the spline-based solutions against established algorithms
in the Python SciPy library for the standard normal, Student’s t, and chi-squared CDFs.
Across 30 trials, each involving 10 million random CDF calculations, the spline-based
methods demonstrated high fidelity, consistently achieving a maximum absolute error
that did not exceed the 1 x 1078 tolerance. Furthermore, Welch’s -tests confirmed
that the spline models were significantly faster than traditional algorithms, with the
spline-based solutions being between 7.5 times and 87.4 times faster than their SciPy
counterparts (p < 0.001 in all cases).

Collectively, the results of the experiments verify that spline interpolation can be both
highly accurate and substantially faster than traditional computational techniques. Spline
interpolation, of course, has been well-established for several decades; however, the major
contributions of this paper are to show how spline interpolation can be adapted to and
usefully applied in the context of scientific functions through the use of a sparse set of
spline interpolation models that are constructed by identifying the essential values of a
function’s parameters. The exceptional speed and high accuracy of the proposed method
notwithstanding, another notable advantage of the proposed approach is its methodological
simplicity. Adaptive spline interpolation relies on a single, unified framework to perform
its calculations, unlike conventional scientific algorithms that often require a complex
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combination of numerical techniques. By reducing the computationally intensive task of
calculating CDF values to a simple lookup and polynomial evaluation, the spline-based
approach offers a practical pathway to more accessible and rapid analyses of large datasets,
regardless of researchers” hardware budgets.

5.2. Limitations

While the findings of this study are promising, it is important to acknowledge several
limitations that define the scope of the current work and present opportunities for future
research. First, the experiments were conducted using a single, high-precision maximum
error tolerance of 1 x 1078, Although the adaptive spline interpolation method could be
used to train models with different levels of precision, the specific trade-offs between accu-
racy and wall-clock time that would result from varying this tolerance remain unquantified.
Second, the performance of the spline models was benchmarked exclusively against the
algorithms within the Python SciPy library. While SciPy represents a well-established and
widely used baseline, the computational performance of the proposed method relative to
other statistical packages or custom algorithms has not been explored. Third, the perfor-
mance of the spline-based solutions was compared to SciPy using hundreds of millions of
serial calculations. While this allowed for a fair comparison between the two approaches,
how well the adaptive spline interpolation method would perform in a parallel computing
environment remains unknown. The simplicity of the method, however, suggests that it
could be parallelized with relative ease and that it could also be adapted to run on graphics
processing units (GPUs), which could potentially yield even more dramatic improvements
in computational speed. Finally, the study’s application was confined to approximating the
cumulative distribution functions for the standard normal, Student’s t, and chi-squared
distributions. While there is no reason to anticipate that the spline-based approach could
not also be usefully applied to other common, continuous scientific and statistical func-
tions, the extensibility and performance of this method for these other functions were not
examined in the current paper. Each of these limitations represents a fruitful avenue for
future research into the capabilities and applications of adaptive spline interpolation in the
context of high-speed scientific and statistical computing.

5.3. Concluding Remarks

The results of this study represent an initial but nevertheless promising step toward
a new paradigm in high-speed scientific computing. The demonstrated accuracy and
computational efficiency of the adaptive spline interpolation method suggest the potential
for developing an extensive library of spline-based models that could perform a wide array
of scientific and statistical calculations much more quickly than traditional algorithms.
Such a library could significantly accelerate the pace of scientific discovery by reducing
the computational bottlenecks that currently constrain the analysis of large and complex
datasets. By providing researchers with faster tools, this approach could enable more
thorough model validation, the exploration of more intricate analytical models, and a more
rapid, iterative approach to scientific inquiry. Ultimately, the widespread adoption of a
freely available, high-speed computational library based on these methods could empower
a new generation of data-driven decision-making and scientific discovery. It is hoped that
the current work will serve as an impetus for future research aimed at making such a library
a practical reality.
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